Chapter 7

Integrating Factors

71 WHAT IS AN INTEGRATING FACTOR?
In general, the differential equation

M(z,y)dx + N(z,y)dy = 0 (7.1)

is not exact. Occasionally, however, it is possible to transform (7.1) into an exact differ-
ential equation by a judicious multiplication.

Definition: A function I(z, y) is an integrating factor for (7.1} if the equation

Iz, 9)[M(x,9) dz + N(z,y) dy] = 0 (7.2)
is exact.

Example 7.1. Defermine whether —1/x% is an integrating factor for ydx ~ xdy = 0.
Multiplying the given differential equation by —1/2%, we cbtain
—1 _ —¥ 1 -
-F(ydx—:udy) = 0 or ?dxnl-xdy = 0
This last equation is exaet; hence —1/#% is an integrating factor.

Example 7.2. Determine whether —1/»y is an integrating factor for yde — dy = 0,

Multiplying the given differential equation by —1/xy, we obtain

=i - = _1 g =
—wfz}-(ydx wdy) = 0 or md’fcw%«ydy 0

: This last equation is exact; hence —1/zy is an integrating faector.

. Comparing with Example 7.1, we see that a differential equation can have more than one integrating
factor.,

7.2 SOLUTION BY USE OF AN INTEGRATING FACTOR

If I(z, ¥) is an integrating factor for (7.1), then (7.2) is exact and can be solved either by

the method of Section 6.2 or, often, by direct integration. The solution of (7.2) is also the
- solution of (7.1).

73 FINDING AN INTEGRATING FACTOR

It follows from the test for exactness given in Section 6.1 that an integrating factor is
. & solution to a certain partial differential equation. That equation, however, ig usually
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more difficult to solve than the original differential equation under consideration. Conse-
quently, integrating factors are generally obtained by inspection. The whole success of

the method thus depends on the user’s ability to recognize or to guess that a particular
group of terms composes an exact differential dh(z,v). In this connection, Table 7-1 may
prove helpful.
Table 7-1
Group of Terms Integrating Factor I{z, ¥) Exact Differential dh(x, y)
_ 1 wdy —ydy A
¥ da @ dy p = d(m)
i yde —ady _ ©
dx — xd -, N/ -
Y vy y? ¥ (y)
&Y XY @
— R ady —yda _ y
yde — ady PP TEE d(arcfsan;
1 dx + x d .
o x oy pom prow d{ln zy)
1 - da + x d -1 =
dz + zd R > LJ ¥ -
4 Y @ "7 (o) ¢ (ﬂ"-l)(wy)"“l:l
ydy + xde S ydy +wde ey n
22+ oyt w? £ 42 [% In (=2 + 2]
1 dy + xdx —1 o
d — yoy r wow
ydy + wde @t n>1 P d[z(n__ 1)(x2+y2)ﬁm2]
ay dx + bx dy e .
(z, b constants) we—iybd @iy ay do + budy) = dlzey?)

Sometlmes, an integrating factor becomes apparent if the terms of the dlf‘ferent1al equa-
tion are strategically regrouped. (See Problems 7.8-7.5.)

Integrating factors are known if M(x, ) and N(z,y) in (7.1) obey certain conditions:

1 /oM
(@ It ﬁ(;{?}“ - %g“) = g{w), a function of x alone, then
I(z, - efs:{ac}dm ‘ . :
(See Problem 7.6.) (@) (7.3)

oM
(b) 1¢ ﬁ< - %27-) = (y), a function of y alone, then

I(m, y) o= e".fh(y) dy (7'.4)

(See Problem 7.8.)

() If M=yflay) and N= zg(xy), then

ley) = oyr—n (7.5)
(See Problem 7.7.}
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Solved Problems

Solve ydz—zdy = 0. N
Using the integrating factor I(z,y) = —1/3% (see Example 7.1 or Table 7-1), we can rewrite
the differential equation as
e dy w; o du - 0 )
. @

Since (I) is exaet, it can be solveﬂ by the method of Section 8.2, Aliernatively, we note from
Table T-1 that (1) ean be rewritten as d{y/x) = 0. Hence, by direct integration, we have »/zx = ¢,
or ¥ = ¢z, as the solution.

N

Solve the differential equation of Problem 7.1 by using a different integrating factor.

Using the integrating factor I(m,y) = —1/xy (see Example 7.2 or Table 7-1), we can rewrite
the differential equation as :
edy — yda

Ty 0 (1)

Since (1) is exact, it can be solved by the method of Section 6.2, Alernatively, we note from Table
7-1 that (1) can be rewritten as dfin (y/%)] = 0. Then, by direct infegration, In (y/x}) = e¢y. Taking
the exponential of both sides, we find 1:;-= et1, or finally,

= e (¢ = em)

Solve (¥*—w)dz+xdy = 0.

No integrating factor is immediately apparent. =~ Note, however, that if terms are strategically
regrouped, the differential equation can be rewritten as o

—{yde ~xdy) + yide = 0 {1}

The group of terms in parentheses has many integrating factors (see Table 7-1), Trying each inte-
grating factor separately, we find that the only one that makes the entire egquation exact is
Ho,y) = 1/y2.  Using this integrating factor, we can rewrite (7) as

da — % d
——E—Mm__ﬁ + lde = 0 (2)

Since (2) is exact, it can be solved by the method of Section 6.2, Alternatively, we note from Table
7-1 that (2) can be rewritten as —d{x/y} + 1dw = 0, or as d{w/y) = 1dx. Integrating, we obtain
the solution :

[
— = phe or =
¥ ¥

Solve (¥ —ay?)dy + (& + 22 dy = 0.

No integrating factor iz immediately apparent. Note, however, that the differential equation
can be rewritten as

{wdw + adyy + (—ay2de + af2dy) = 0 (1)

The first group of terms has many integrating factors (see Table 7-1}. One of these factors, namely
I, o) = 1/(xy)2, is an integrating factor for the entire equation. Multiplying (1) by 1/(zy)?, we find

yda + x dy > —ay? de + 22 dy
(wy)? (wy)?

= ¢

or equivalently,

yde +ady 1
T T Ed:cwldy (2)






