Boundary Conditions for P.D.E.’s

Elliptic Equations
Example: Poisson’s Equation

V() = fla)

Theorem: If 1(x}) satisfies Poisson’s equation through-
out a closed, bounded region R and satisfies Dirichlet con-
ditions on the the boundary OR of R, then 1 is unique.

Theorem: If ¢(x}) satisfies Poisson’s equation through-
out a closed, bounded region R and satisfies Neumann
conditions on the the boundary OR of R, then 1) is unique
up to an additive constant.

Corollary: If the boundary is piecewise smooth, you can
specify either Dirichlet or Neumann conditions on each
piece. If Dirichlet conditions are satisfied on at least one
piece then v is unique.

Corollary: If the region R is unbounded (in some or all
directions) but ¥ = o(r~2) as r — oo (i.e. ¢ falls off
faster than ~/2) in the unbounded directions, then v is
unique.



Parabolic Equations
Example: Inhomogeneous Diffusion Equation

(% _ w?) Wit z) = fz)

Theorem: If ¥(t, xy) satisfies the inhomogeneous diffu-
sion equation throughout a closed, bounded region R and
satisfies either Dirichlet or Neumann conditions on the

the boundary OR of R, and 1 satisfies the initial condi-
tion

P(t = 0,21) = g(w)

then 7 is unique.

Corollary: If the spatial boundary is piecewise smooth,
you can specify either Dirichlet or Neumann conditions
on each piece.

Corollary: If the region R is unbounded (in some or all
spatial directions) but ¢ = o(r='/2) as r — oo (ie. ¥
falls off faster than 7—'/2) in the unbounded directions,
then 1 is unique.



Hyperbolic Equations
Example: Inhomogeneous Wave Equation
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Theorem: If (t, x;) satisfies the inhomogeneous wave
equation throughout a closed, bounded region R and sat-
isfies either Dirichlet or Neumann conditions on the the
boundary OR of R, and 1) satisfies the two initial condi-
tions

w@ =0, ajk) — g<xk)

5,
Wt = 0,21) = hiay)

then 1 is unique.

Corollary: If the spatial boundary is piecewise smooth,
you can specify either Dirichlet or Neumann conditions
on each piece.

Corollary: If the region R is unbounded (in some or all
spatial directions) but ¥ = o(r=1/?) as r — oo (i.e. ¥
falls off faster than 7='/2) in the unbounded directions,
then %) is unique.



