Sturm-Liouville Theory

(boundary value)

A second order Sturm—Liouville problem is a homoge-
neous boundary value problem of the form
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where P, P', (), w are continuous and real on [a, b], and
P and w are positive.

Theorem: For y; and yy two linearly independent solu-
tions of the homogeneous differential equation, nontriv-
ial solutions of the homogeneous boundary value problem
exist iff
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Definition: Values of A for which nontrivial solutions exist
are called eigenvalues. The corresponding solutions are
called eigenfunctions.



Theorem: The eigenvalues of a homogeneous Sturm-Liouville
problem are real and non-negative and can be arranged
in a strictly increasing infinite sequence
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and A\, — oo asn — oo.

Theorem: For each eigenvalue, there exists exactly one
linearly independent eigenfunction, v,,. These eigenfunc-
tions for differing eigenvalues are orthogonal with respect
to the inner product:
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Theorem: The eigenfunctions y,, span the vector space of
piecewise smooth functions satisfying the boundary con-
ditions of the Sturm-Liouville problem. (Convergence in
the mean, not pointwise.)
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where the ¢,’s are given by:
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Sturm-Liouville Theory

(periodic)

A second order periodic Sturm—Liouville problem is a ho-
mogeneous problem of the form

(P(2)y] +Qx)y + Aw(x)y =0

where P, P, (), w are continuous and real on [a, ], and
P and w are positive, and

b

P(x) (f(z) g () = f(2) g(2))]], =0
for f(x) and g(x) and two vectors in the vector space.

Definition: Values of A for which nontrivial solutions
of the periodic Sturm-Liouville problem exist are called
eigenvalues. The corresponding solutions are called eigen-
functions.

Theorem: The eigenvalues of a periodic Sturm-Liouville
problem are real.

Theorem: For each eigenvalue, there exist linearly in-
dependent eigenfunctions, 1,. These eigenfunctions for
differing eigenvalues are orthogonal with respect to the



inner product:
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Eigenfunctions with the same eigenvalue can be orthogo-
nalized using Gram-Schmidt orthogonalization.

Theorem: The eigenfunctions y,, span the vector space of
piecewise smooth functions satisfying the boundary con-
ditions of the Sturm-Liouville problem. (Convergence in
the mean, not pointwise.)
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