
PH575 Spring 2009!

Lecture #13!
Band Gaps: Origins & 
Consequences: Sutton Ch. 5 pp 
101 -> 111!



SINGLE BAND EXAMPLES:!

Square lattice with one atomic state per atom (also sc & fcc in 3D): !

     

! =1
" = #0.3
a =1

E k( ) = ! + 2" cos kxa( ) + cos kya( )#$ %&



MANY BANDS:!

Atomic levels broaden and lower when the atoms form bonds !

http://www.chembio.uoguelph.ca/educmat/chm753/properties/electronic/tight_binding.html!



TWO BAND EXAMPLES:!

Linear heteronuclear chain with one atomic state per atom (2 
orbitals per unit cell): !

    

E k( ) = ε ± β ξ2 + 4cos2 ka( )

Average of 
onsite energies!

Difference 
between onsite 
energies!



TWO BAND EXAMPLES:!
Linear homonuclear chain with two atomic states per atom (2 
orbitals per unit cell): !

E k( ) = g1 k( ) + g2 k( )
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g1(2) (k) = ε1(2) + 2β1(2) cos ka( )
 

! 1 = m,1s öH m,1s

ε2 = m,2s Ĥ m,2s

β1 = m,1s Ĥ m ±1,1s

β2 = m,2s Ĥ m ±1,2s

! 12 = m,1s Ĥ m ±1,2s



TWO BAND EXAMPLES:!

Linear homonuclear chain with two atomic states per atom (2 
orbitals per unit cell): !
¥ Large interatomic spacing (small hopping) means narrow bands!
¥ Large hopping broadens levels into bands.  !
¥ Bands may overlap (metals)!
¥ Band gap - region of energy where no state exists for any k vector.!
¥ Direct gap: maximum of lower band is at same wave vector as 
minimum of upper band !
¥ Indirect gap - maximum of lower band is at different wave vector 
as minimum of upper band!
¥ Look at different parameters in MathView.!
¥ No hopping between orbitals!
¥ Gaps, no gaps!
¥ Increased coupling increases gap!



Direct and indirect band gaps:!

¥ Direct gap: maximum of VB is at 
same wave vector as minimum of CB 
(transition requires only photon) !
¥ Indirect gap - maximum of VB is at 
different wave vector as minimum of 
CB (transition requires photon and 
photon)!
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METALS; INSULATORS; SEMICONDUCTORS:!

¥ Metals are materials whose Fermi surface lies near the middle of 
the band. !
¥ Insulators have a fully occupied valence band, and completely 
unoccupied conduction band, with a large band gap (on the scale of 
ambient temperature)!
¥ Discuss temperature scale !
¥ Semiconductors are insulators at T = 0, but have Þnite electron 
occupation of CB and hole occupation of VB at non-zero 
temperatures (intrinsic & extrinsic)!
¥ Occupation function:!

1
e(E−µ )/kBT +1

 



TWO BAND EXAMPLES:! Peierls distortion of linear 
homonuclear chain with 1 atomic 
state per atom: !
¥ Energetically favorable to dimerize!
¥ Cost is increased elastic energy!
¥ Metal-insulator transition: no 
metals in 1D!!

Rudolf Peierls 
(1907-1995)!



Peierls distortion of linear homonuclear chain with 1 atomic state/atom!

Ek = α + 2β cos ka( )

 

Ek
(+ ) = α + β1 − β2( )2 + 4β1β2 cos2 ka( )

Ek
(! ) = " ! #1 ! #2( )2 + 4#1#2 cos

2 ka( )



Peierls distortion of linear homonuclear chain with 1 atomic state/atom!
 

In a half-Þlled (black) band, it is energetically advantageous to 
dimerize, because Þlled states go to lower energy.  For small strain, this 
energy advantage is |β1-β2|, which is proportional to strain.  Energy 
cost is proportional to square of strain, so opening up gap wins!  
Material is now insulator (Þlled red band).!


