
PH575 Spring 2009!

Lecture #7 !
Linear chain with periodic boundary conditions,!
Density of states, (Bloch functions): Sutton Ch. 3 pp 44 -
> end!
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1-D chain with periodic boundary conditions!

E(k) = ! + 2" cos ka( )

Molecular orbitals: this one 
corresponds to the shortest 
wavelength charge density 
variation.!

Dispersion relation:!

k: !dimensions of inverse length!
The set of values of k is called k-space or Òreciprocal spaceÓ  If the 
Òreal spaceÓ lattice spacing a is large (small) then the Òreciprocal 
spaceÓ spacing between allowed k values is small (large).!
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Physicists should understand BOTH types of boundary conditions: 
periodic and Þxed!

Periodic BCs:! Fixed BCs:!
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Compare the 2 types of BCs:!
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All unique information in 1st Brillouin zone -"/a < k < "/a!

+ and - k values correspond to waves traveling in opposite directions!
For Þxed BCs, waves donÕt travel - they are standing waves !



MgO - an ionic crystal!

www.crystal.unito.it/tutojan2004/tutorials/G_properties/
img47.gif&imgrefurl=http://www.crystal.unito.it/tutojan2004/tutorials/
G_properties/properties_tut.html!

Density of states! Dispersion relation!

band 
width!

band 
gap!

band 
width!

Fermi energy!



Si - a covalent crystal!

www.crystal.unito.it/tutojan2004/tutorials/G_properties/
img47.gif&imgrefurl=http://www.crystal.unito.it/tutojan2004/tutorials/
G_properties/properties_tut.html!

Density of states! Dispersion relation!



Density of states:!
Very important concept 
in solid state systems.  
Properties of a system 
heavily inßuenced by the 
number of states per unit 
energy interval.!

How densely are states packed along  k axis?!
Spacing is uniform in k!!
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How densely are states packed along  E axis?!
Not so evenly!  The curvature determines this!
How to be more quantitative?!



DeÞne the density of states (per unit energy) 
as D(E), sometimes written as DE(E) to 
remind us that itÕs a number per unit energy.!

m is a counter of states; 
dm=dS.!
We want dm/dE, but easier to 
Þnd dE/dm!
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D(E)dE = dS = # states in energy interval dE

E k( ) = α + 2β cos ka( )
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Na

;m= 0,1,2....N −1

E m( ) = α + 2β cos
2πm

N
⎛
⎝⎜

⎞
⎠⎟

dE
dm

= 2β 2π
N

sin
2πm

N
⎛
⎝⎜

⎞
⎠⎟ = 2β 2π

N
sin ka( )



If we include the spin of the electron, then for every m, there 
are 2 states - one for each spin.  This factor of 2 is in purple.  
The plot of D(E) is above.!

D(E)dE = dS

dE
dm

= 2!
2"
N

1# cos2 ka( ) =
2"
N
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Often displayed this way:!

Linear, 1-D chain!
Dispersion relation                   Density of States!



The next few slides use a different way of thinking that 
will be useful later when itÕs not so easy to get an 
expression for the energy in terms of an easily 
identiÞable counter (as happens in 2 and 3 
dimensions). !

So here is the approach weÕll take later, repeated here 
for  the 1-dimensional case.!



Density of states (no spin):!
in k space!
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S is total number of states up to particular k!
Then D(k) is the symbol for Òtotal density of statesÓ and is the 
number of states per unit k.  We used ÒmÓ as the state counter.  
So m and S are the same thing.!

D(k)dk = dS

km = 2πm
Na

;m= 0,1,2....N −1

m(= S) = Nakm

2π
D k( ) =

dS
dk

=
Na
2!

Warning: 1-D equation!!
Needs modiÞcation in 3-D!



Density of states (no spin):!
in E space!
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S is total number of states up to particular E!
Then D(E) is the symbol for Òtotal density of statesÓ and is the 
number of states per unit E!

D(E)dE = dS

D E( ) =
dS
dE

=
dS
dk

dk
dE

= D k( ) dk
dE

So if we know E(k) - the 
dispersion relation - we can 
work out dE/dk, and thus the 
DoS!!



 

Density of states:!
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Now put in spin!!


