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ANGULAR MOMENTUM 

Orbital angular momentum defined 

 L̂ = r̂ × p̂  −ir̂ ×∇   
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Commutator relations for general angular momentum 

 
Ĵx , Ĵy!" #$ = iĴz  

 
Ĵy , Ĵz!" #$ = iĴx  

 
Ĵz , Ĵx!" #$ = iĴy  

Ĵx , Ĵ
2!" #$ = Ĵy , Ĵ
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2!" #$ = 0  

Ladder operators ... 

Ĵ± = Ĵx ± iĴy  Ĵ+ = Ĵ−
†
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... and their commutation relations 

 
Ĵ+ , Ĵ−"# $% = 2Ĵz  

 
Ĵz , Ĵ±!" #$ = ±Ĵ±  Ĵ 2 , Ĵ±!" #$ = 0  

Other relationships 

If  
̂
J ≡
̂
L +
̂
S , then  Ĵ 2 = L̂2 + Ŝ2 + 2

̂
L ⋅
̂
S , and Ĵ

2 = L̂2 + Ŝ2 + L̂+Ŝ− + L̂−Ŝ+ + 2L̂zŜz  

 Ĵ
2 = Ĵ Ĵ± + Ĵz

2 ± Ĵz  

 

 
Ĵ 2 jmj = j( j +1)2 jmj  

 
Ĵz jmj = mj jmj           mj = − j,− j +1,....., j −1, j  

 
Ĵ± jmj =  j( j +1)− mj (mj ±1)"# $%

1/2
j,mj ±1  

 L̂
2 m = ( +1)2 m      = 0,1,2....   L̂z m = m m           m = −,− +1,....., −1,  

 Ŝ
2 sms = s(s +1)2 sms     Ŝz sms = ms sms            ms = −s,−s +1,....., s −1, s  


